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et applications en audio-acoustique
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4 Exercices et applications en audio-acoustique

5 Convergence

6 Extension en dimension infinie et application

7 Conclusion



3/ 43

Plan
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Recall: standard result (1/2) (see e.g. [Boyd,1984])

Recall: definition of a Volterra series

x(t) =
+∞

∑
n=1

xn(t) with xn(t) =
∫
Rn

hn(τ1 , . . .,τn)u(t− τ1). . .u(t− τn)dτ1 . . .dτn

Bounded Input Bounded Output (BIBO) result
(‖u‖∞ = supt∈R

∣∣u(t)
∣∣)

|xn(t)| =

∣∣∣∣∫Rn
hn(τ1 , . . .,τn)u(t− τ1). . .u(t− τn)dτ1 . . .dτn

∣∣∣∣
≤

∫
Rn

∣∣∣hn(τ1 , . . .,τn)
∣∣∣ ∣∣u(t− τ1)

∣∣ . . . ∣∣u(t− τn)
∣∣︸ ︷︷ ︸

≤‖u‖∞...‖u‖∞

dτ1 . . .dτn

‖xn‖∞ ≤
∫
Rn

∣∣∣hn(τ1 , . . .,τn)
∣∣∣dτ1 . . .dτn︸ ︷︷ ︸

=‖hn‖1
(

L1-norm
)

(
‖u‖∞

)n

Hence, ‖x‖∞ ≤
+∞

∑
n=1
‖xn‖∞ ≤

+∞

∑
n=1
‖hn‖1

(
‖u‖∞

)n
.
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Recall: standard result (2/2) (see e.g. [Boyd,1984])

Gain bound function ϕ

Define ϕ(z) = ∑n≥1 ‖hn‖1 zn with convergence radius ρ at z = 0.

Theorem (BIBO result)
If ‖u‖∞ < ρ, then the Volterra series expansion of x is normally
convergent and

‖x‖∞ ≤ ϕ
(
‖u‖∞

)
< +∞.

Moreover, the truncation error is bounded:∥∥∥∥ +∞

∑
n=N+1

xn

∥∥∥∥
∞

≤
+∞

∑
n=N+1

‖hn‖1
(
‖u‖∞

)n

QUESTION
Can we use these theoretical results in practice?
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Application test on ẋ + ax− εx3 = u (a > 0, ε > 0)

Using interconnection laws in the Laplace domain:

(ŝ1:n+a)Hn(s1:n )−ε ∑
q1+q2+q3=n

Hq1(s1:q1
)Hq2(sq1+1:q1+q2

)Hq3(sq1+q2+1:n) = δ1,n

H1(s1) = (s1 + a)−1 (one-pole filter),
H2(s1:2) = 0,
H3(s1:3) = εH1(s1)H1(s2)H1(s3)H1(s1 +s2 +s3),

H4(s1:4) = 0,

H5(s1:5) = ε

[
H1(s1)H1(s2)H3(s3:5)+H1(s1)H3(s2:4)H1(s5)

+H3(s1:3)H1(s4)H1(s5)
]
H1(s1 + . . . + s5), etc.

(Formula with convolutions are also available in the time-domain)

Even for this basic example...
Computing ‖hn‖1 is difficult in practice because of the rapidly
increasing number of terms !
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Functional setting & Systems (T = R+ or [0,T ] with T > 0)

(input) U = L∞(T,U) with U = Rq (or a Banach space)
(state) X = L∞(T,X) with X = Rp (idem)

Operators spaces
•L (U,X), L (X): bounded linear op. on U→ X or X→ X
•ML m(X): bounded multilinear op. on X×·· ·×X︸ ︷︷ ︸

m≥2

→ X
with norm ‖E‖= sup

(x1,...,xm)∈Xm

‖x1‖=···=‖xm‖=1

‖E(x1, . . . ,xk )‖X

Class of systems

ẋ = Ax + Bu + ∑
M
m=2 Am(x , . . .,x︸ ︷︷ ︸

m

), for t ∈ T with x(0) = 0

A ∈L (X) (≡ p×p matrix), B ∈L (U,X) (≡ p×q), Am ∈ML m(X)

Example (ẋ =−ax + u+εx3, a > 0, ε > 0)
A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

Rk: Solution of ẋ = Ax + v , x(0) = 0: x(t) =
∫ t

0 S(τ)v(t− τ)dτ

with S(t) = eAt1R+ (t) (or C0 semi-group [Curtain,Zwart,1995])

Hyp.: (i) ∃α ∈ R,β > 0 s.t. ∀t ∈ T, ‖S(t)‖L (X) ≤ βeαt

(ii) if T = R+, α < 0 (matrix A is Hurwitz)

Example (ẋ =−ax + u+εx3, a > 0, ε > 0)
A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

S(t) = h1(t) = e−at1R+(t), α =−a < 0 and β = 1
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Example (ẋ =−ax + u+εx3, a > 0, ε > 0)
A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

S(t) = h1(t) = e−at1R+(t), α =−a < 0 and β = 1



13/ 43

Functional setting & Systems (T = R+ or [0,T ] with T > 0)

(input) U = L∞(T,U) with U = Rq (or a Banach space)
(state) X = L∞(T,X) with X = Rp (idem)

Operators spaces
•L (U,X), L (X): bounded linear op. on U→ X or X→ X
•ML m(X): bounded multilinear op. on X×·· ·×X︸ ︷︷ ︸

m≥2

→ X
with norm ‖E‖= sup

(x1,...,xm)∈Xm

‖x1‖=···=‖xm‖=1

‖E(x1, . . . ,xk )‖X

Class of systems
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Rk: Solution of ẋ = Ax + v , x(0) = 0: x(t) =
∫ t

0 S(τ)v(t− τ)dτ

with S(t) = eAt1R+ (t) (or C0 semi-group [Curtain,Zwart,1995])

Hyp.: (i) ∃α ∈ R,β > 0 s.t. ∀t ∈ T, ‖S(t)‖L (X) ≤ βeαt

(ii) if T = R+, α < 0 (matrix A is Hurwitz)
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Class of systems

ẋ = Ax + Bu + ∑
M
m=2 Am(x , . . .,x︸ ︷︷ ︸

m

), for t ∈ T with x(0) = 0

A ∈L (X) (≡ p×p matrix), B ∈L (U,X) (≡ p×q), Am ∈ML m(X)

Example (ẋ =−ax + u+εx3, a > 0, ε > 0)
A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

Rk: Solution of ẋ = Ax + v , x(0) = 0: x(t) =
∫ t

0 S(τ)v(t− τ)dτ

with S(t) = eAt1R+ (t) (or C0 semi-group [Curtain,Zwart,1995])

Hyp.: (i) ∃α ∈ R,β > 0 s.t. ∀t ∈ T, ‖S(t)‖L (X) ≤ βeαt

(ii) if T = R+, α < 0 (matrix A is Hurwitz)

Example (ẋ =−ax + u+εx3, a > 0, ε > 0)
A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

S(t) = h1(t) = e−at1R+(t), α =−a < 0 and β = 1
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(Back to the) time-domain Volterra series expansion
Applying the perturbation method (recall the preambule)

The series expansion of the trajectories is x(t) = ∑
+∞

n=1 xn(t)

where xn is solution of ẋn = Axn + χn, xn(0) = 0

with χ1(t) = B u(t) and χn≥2(t) =
max(M,n)

∑
k=2

∑
p∈Mk

n

Ak
(
xp1(t), . . . ,xpk (t)

)
and MK

n =
{

p ∈ (N∗)K
∣∣ p1 + · · ·+ pK = n

}
Solution: convolution by the semi-group S

For all n ≥ 1 and t ∈ T, xn(t) =
∫ t

0
S(τ)χn(t− τ)dτ

Example (ẋ =−ax + u+εx3, a > 0, ε > 0)

x1(t) =
∫ t

0 e−aτ u(t− τ)dτ (even oders are zero)

xn≥3(t) =
∫ t

0 e−aτ

(
∑p∈M3

n
ε xp1(t− τ)xp2(t− τ)xp3(t− τ)

)
dτ



15/ 43

Convergence theorem [Hélie,Laroche]

Definition (function F )
Let γ =

∫
T ‖S(t)‖L (X)dt (= ‖S‖S with S = L1(T,L (X)

)
)

Define F (X ) =
X

X − γ Q(X )
where Q(X ) =

M

∑
m=2
‖Am‖ML X m

Theorem 1 (convergence domain and bound)

(i) There exists a unique σ > 0 s.t. F (σ)−σ F ′(σ) = 0
(ii) There exists a unique function Ψ(z) = ∑n≥1 ψn zn analytic

at z = 0 s.t. Ψ(z) = z F
(
Ψ(z)

)
(iii) The convergence radius of Ψ is ρ? = σ

F (σ) >0

(iv) If ‖x1‖X < ρ?, the series x = ∑n≥1 xn converges in norm in X
and ‖x‖X ≤Ψ

(
‖x1‖X

)
< +∞

Corollary Denote ν = ‖t 7→ S(t)B‖
L1
(
T,L (U,X)

)
Let ρu = ρ?/ν . If ‖u‖U < ρu, then ‖x1‖X ≤ ν‖u‖U < ρ?

and ‖x‖X ≤Ψ
(
‖x1‖X

)
≤Ψ

(
ν‖u‖U

)
.
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Proof of the theorem (1/2)
Given F , (i-iii) stem from the singular inversion theorem.

[P. Flajolet, R. Sedgewick. Analytic combinatorics, 2009]

Why this F? Proof of (iv)? →Sketch of proof

(Step 1) Majorizing series

Let ψ1 = 1 and ψn≥2 = γ ∑
max(M,n)
k=2

[
‖Ak‖ML∑p∈Mk

n
∏

k
i=1ψpi

]
.

Then ‖x1‖X ≤ ψ1‖x1‖X
Let n ≥ 2 and assume that ‖xj‖X ≤ ψj‖x1‖jX for all j ≤ n−1.
We have by induction

‖xn‖X ≤ γ‖χn‖X ≤ γ

max(M,n)

∑
k=2

∑
p∈Mk

n

‖Ak
(
xp1 , . . . ,xpk

)
‖X

≤ γ

max(M,n)

∑
k=2

∑
p∈Mk

n

[
‖Ak‖ML

k

∏
i=1
‖xpi‖X︸ ︷︷ ︸

≤ψpi ‖x1‖
pi
X

]
≤ ψn‖x1‖nX
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Proof of the theorem (2/2)
Given F , (i-iii) stem from the singular inversion theorem.

[P. Flajolet, R. Sedgewick. Analytic combinatorics, 2009]
Why this F? Proof of (iv)? →Sketch of proof

(Step 1) Majorizing series: ∀n ≥ 1, ‖xn‖X ≤ψn‖x1‖n
X

with ψ1 = 1 and ψn≥2 = γ ∑
max(M,n)
k=2

[
‖Ak‖ML∑p∈Mk

n
∏

k
i=1ψpi

]
.

Rk:
∥∥∑

N
n=1 xn

∥∥
X
≤ ∑

N
n=1

∥∥xn
∥∥

X
≤ ∑

N
n=1 ψn‖x1‖nX

(Step 2) Functional equation
Introduce the generating function Ψ(X ) = ∑

+∞

n=1 ψnX n

γ Q
(
Ψ(X )

)
= γ ∑

M
k=2 ‖Ak‖ML

(
∑

+∞

n=1 ψnX n)k

=
+∞

∑
n=2

X n
(

γ

max(M,n)

∑
k=2

∑
p∈Mk

n

[
‖Ak‖ML

k

∏
i=1

ψpi

]
︸ ︷︷ ︸

=ψn

)
= Ψ(X )−X

leading to Ψ(X ) = X F
(
Ψ(X )

)
(→ use the singular inversion theorem) �
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Truncation error bound

Theorem 2 (truncation error bound)

Introduce the truncated series TNx =
N

∑
n=1

xn and TNΨ(X ) =
N

∑
n=1

ψn X n.

If ‖x1‖X < ρ? (or ‖u‖U < ρu), then

‖x−TNx‖X ≤
[
Ψ−TNΨ

](
‖x1‖X

) (
or ≤

[
Ψ−TNΨ

](
ν ‖u‖U

) )
The proof stems from step 1
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Back to the example
Example (ẋ =−ax + u+εx3, a > 0, ε > 0)

A =−a, B = 1, A3(x1,x2,x3) = ε x1 x2 x3 and ‖A3‖ML = ε

S(t) = h1(t) = e−at1R+(t), α =−a < 0 and β = 1

γ =
∫ +∞

0
e−at dt =

1
a

(= ν)

F (X ) =
X

X − γ‖A3‖X 3 =
1

1− (ε/a)X 2

(i) σ > 0 s.t. F (σ)−σ F ′(σ) = 0: 1− 3ε

a
σ

2 = 0 and σ =

√
a
3ε

(ii) Ψ(z) = z F
(
Ψ(z)

)
analytic at z = 0: Ψ(z)− ε

a
Ψ(z)3 = z

(iii) ρ
? =

σ

F (σ)
>0: ρ? = (1− ε

a
σ

2)︸ ︷︷ ︸
2/3

σ ρ
? =

2
3

√
a
3ε

,

and ρu =
ρ?

ν
=

2
3

√
a3

3ε

Remark
When there is no closed-form solution for γ, σ , ρ? (...),
equations of steps (i-iii) can be numerically solved.
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Numerical simulations (a = 0.65 and ε s.t. ρu = 1)

Square input: u(t) = e on [0, 25) and u(t) =−e on
[25, 50), etc.

e = 0.95 < ρu Idem: ZOOM e = 1.05 > ρu
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time (s)
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nonlinear

order 9

order 3

linear

e < ρ?: the VS converges to the trajectory of the NL system
e > ρ?: the VS becomes divergent and the trajectory of the
nonlinear system gets out of the domain of attraction of 0.

In this example (not in general!): (a) ρ? and ρu are tight bounds;
(b) the convergence domain coincides with the domain of
attraction of 0.
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Generalizations of theorems 1 and 2

[IEEE-TAC 2011] (finite-dim. systems)
Affine systems: ẋ = Ax + Bu + P(x) + Bilin(Q(x),u)

with P(x) =
+∞

∑
m=2

Am(x , . . . ,x)

and Q(x) =
+∞

∑
m=1

Bm(x , . . . ,x)

U ,X : Weighted-L∞ spaces
(exponentially-damped input/output results)

[Automatica 2014] (infinite-dim. systems)
X, U: Banach spaces on the field R
ẋ = L(x ,u) + P(x) + Bilin(Q(x),u) where
ẋ = L(x ,u) defines a distributed or boundary control linear
system
Non zero initial conditions
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Plan

1 Préambule

2 Séries de Volterra : généralités

3 Calcul des noyaux de Volterra d’un système différentiel

4 Exercices et applications en audio-acoustique

5 Convergence

6 Extension en dimension infinie et application
Noyaux de Green-Volterra : principe et exemple
Bonus: nonlinear beam with convergence results
[ICSV-2019]

7 Conclusion
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1 Préambule
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4 Exercices et applications en audio-acoustique

5 Convergence

6 Extension en dimension infinie et application
Noyaux de Green-Volterra : principe et exemple
Bonus: nonlinear beam with convergence results
[ICSV-2019]

7 Conclusion



24/ 43

Recall (§2): Volterra kernels of time-Varying systems

A definition is also available for time-varying systems:

y(t) =
+∞

∑
n=1

∫
Rn

gn
(
t ,θ1, . . .,θn

)
u(θ1). . .u(θn)dθ1 . . .dθn

Time-Invariant (TI) case and link with kernels hn

TI case: y(t) =
+∞

∑
n=1

∫
Rn

hn(τ1, . . .,τn)u(t− τ1). . .u(t− τn)dτ1 . . .dτn

Kernels gn of a TI system are such that (θk = t− τk )

gn
(
t , t− τ1, . . ., t− τn

)
= hn(τ1, . . .,τn)

does not depend on t

Causal kernels gn

∃k s.t. θk > t ⇒ gn(t ,θ1, . . .,θk , . . .,θn) = 0
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Green-Volterra kernels
Basic idea: space-time problem→ space-time kernels.

Definition u(r , t)−→{gn} y(r , t)−→ (r , t) ∈ Ω×R

A system is defined by the Green-Volterra series {gn}n≥1 if

u(r , t) =
+∞

∑
n=1

∫
(Ω×R)n

gn(r , t ;ρ1,θ1, . . . ,ρn,θn) u(ρ1,θ1) . . .u(ρn,θn)

×dρ1 dθ1 . . .dρn dθn

Time-invariant kernels and Transfer kernels
• Time-invariance : ∃hn s.t. ∀r , t and ρ1, . . . ,ρn and τ1, . . . ,τn,

gn(r , t ;ρ1, t− τ1, . . . ,ρn, t− τn) = hn(r ;ρ1,τ1, . . . ,ρn,τn)

• Transfer kernels = Laplace transform of hn w.r.t. to τ1, . . . ,τn

= Hn(r ;ρ1,s1, . . . ,ρn,sn)

→ Interconnection laws can be generalized
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A damped Kirchhoff-Carrier String [Roze,Hélie,JSV2014]

Dimensionless model (Ω =]0,1[, T = R+)

∂
2
t w + 2α∂tw −∂

2
x w︸ ︷︷ ︸

Lx ,t [w ]

+ ε

[∫ 1

0

(
∂xw

)2 dx
]
∂

2
x w︸ ︷︷ ︸

−A3(w ,w ,w)

= f in Ω×T

(BC: Dirichlet ; IC: zero ; damping: α > 0; NL: ε > 0)

Linearized problem: Green function (Re(s) >−2α)

Space-Time Space-Laplace
Lx ,t [g1](x , t ;ξ ,θ) = δ (x−ξ )⊗δ (t−θ) [s2 + 2αs︸ ︷︷ ︸

Γ(s)2

−∂ 2
x ]H1(x ;ξ ,s) = δ (ξ −x)

H1(x ;s,ξ ) =
cosh

(
(−1 + x + ξ )Γ(s)

)
− cosh

(
(1−|x−ξ |)Γ(s)

)
2Γ(s)sinh

(
Γ(s)

)
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Higher order Green-Volterra kernels (details in the paper)

Hn(x ;ξ1,s1, . . . ,ξn,sn) =
∫

Ω
H1(x ;ζ ,s1 + · · ·+ sn)

× ∑
p∈M3

n

A3
ζ

(
Hp1(ζ ;ξ1,s1, . . .),Hp2(ζ ;ξp1+1,sp1+1, . . .),Hp3(ζ ; . . .)

)
dζ

Decomposition on eigenfunctions ek + Order reduction

The first nonzero kernels for nZ2 correspond to

G½k"
3 ðs1; s2; s3Þ ¼ G½k"ðs1þs2þs3ÞR

½k"
3 ðs1; s2; s3Þ

¼ ' εk2π4G½k"ðs1þs2þs3Þ ∑
þ1

ℓ ¼ 1
ℓ2G½ℓ"

1 ðs1ÞG
½ℓ"
1 ðs2ÞG

½k"
1 ðs3Þ

¼ ' εk2π4G½k"ðs1þs2þs3Þ ∑
þ1

ℓ ¼ 1
ℓ2G½ℓ"ðs1ÞG

½ℓ"ðs2ÞG
½k"ðs3Þ

G½k"
5 s1;…; s5ð Þ ¼ G½k" s1þ⋯þs5ð ÞR½k"

5 s1;…; s5ð Þ

¼ ' εk2π4G½k" s1þ⋯þs5ð Þ ∑
p;q;rZ 1

p þ qþ r ¼ 5

∑
þ1

ℓ ¼ 1
ℓ2G½ℓ"

p s1;…; sp
! "

( G½ℓ"
q ðspþ1;…; spþqÞG½k"

r ðspþqþ1;…; s5Þ:

Using previous work (Section 2.3), the Green–Volterra kernels modal projections can be identified to be the same
structure presented in Fig. 2. Indeed, for n¼1, the Green–Volterra kernel is Green's function (cf. Eq. (14)), and for nZ2, the
kernels consist in sums and products of the output of this already known Green's function.

Hence, for a general excitation f ðx; tÞ, the simulation is performed using the structure displayed in Fig. 8. It actually
corresponds to the “intuitive solution” mentioned at the end of Section 2.3: the only difference with the previous work
(recalled in Fig. 2) for excitations of type Eq. (15) is that ϕk must be replaced by the modal projection 〈); ek〉.

Remark 8. Fig. 8 corresponds to the particular case of Fig. 6 in which the only nonzero multilinear operator K3;0
x is detailed

and expanded on the K first modes of the string.

5. Realizations and discussion

In the following section, results are presented for the dimensionless string model described in Eq. (1). The string length is
therefore defined in Ω¼ "0;1½.

Figs. 9 and 10 represent the time response of the string at an observation point x¼0.57. The excitation force is defined by
f ðx; tÞ ¼ ψðx; tÞfmaxt=T force for tA ½0; T force" where fmax is the maximum amplitude of the force and T force ¼ 0:01 s. The spatial
distribution of the force is a cosine moving thanks to the function ψ defined by

ψ x; tð Þ ¼ cos π
ðx ' x0þ0:2tÞ

ℓ

# $
if jx ' x0þ0:2tjo ℓ

2
and ψ x; tð Þ ¼ 0 otherwise (40)

where the value of ℓ corresponds to 4 percent of the string length.
The sampling frequency is fs¼44 100 Hz and the number of modes is K¼20. The same conclusions can be made in

comparison with [21], i.e. the approximation at a given order of nonlinearity (here N¼5) is valid until a maximum of force

Fig. 8. Block-diagram of an oðεÞ' simulation of Eq. (1) based on the Green–Volterra kernels with Kmodes: the excitation force f ðx; tÞ is completely unknown
to the system and is decomposed on the modal basis using a scalar product.

D. Roze, T. Hélie / Journal of Sound and Vibration 333 (2014) 2073–2086 2083
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Functional setting ∂ 2
t w + ∂ 4

z w+2(a + b∂ 4
z )∂tw−η

(∫ 1
0
(
∂zw

)2 dz
)

∂ 2
z w = f +BC+IC

State-Space Formulation for u ∈U with U = H := L2(0,1)

ẋ = Ax + Bu + A3(x ,x ,x) with x = [w , ẇ ]T and u = f

Ax =

[
0 I
−∆2 −2(aI + b ∆2)

]
x , Bu =

[
0
u

]
, A3(a,b,c) =

 0

−η

(∫ 1

0
a′1(z)b′1(z)dz

)
c′′1



Bi-laplacian and laplacian op.: domains and properties
(unbounded in H) [Curtain, Jacob, Zwart, . . . ]

∆2: D(∆2) =
{

w ∈ H4(0,1) s.t. w(0) = w(1) = 0, w ′′(0) = w ′′(1) = 0
}

∆2 is closed, densely defined, self-adjoint, positive on H
⇒ ∃ uniquely defined positive square root (−∆)

∆: D(∆) =
{

w ∈ H2(0,1) s.t. w(0) = w(1) = 0
}

H 1
2 = D(∆) endowed with norm ‖ · ‖= ‖∆ · ‖H is a Hilbert space

Well-posedness: linearized system [Curtain, Jacob, Zwart, . . . ]

U = H and X = H
1
2×H with norm ‖x‖X =

(
‖x1‖2

H
1
2

+‖x2‖2H
) 1

2

A on D(A) = {(u,v) ∈H
1
2×H

1
2 ,2(a + b∂ 4

z )v + ∂ 4
z u ∈H}

generates a C0 contraction semigroup on X ⇒ γ = ‖S‖< ∞

B ∈L (U,X) and ‖B‖L = 1.

Well-posedness: nonlinear system

‖A3‖ML 3(X,X,X) < a3 := η/(3
√

10)

⇒∃ρ?,ρu > 0 (Validity domain ‖u‖< ρu)
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General conclusion
Volterra series are used to represent, analyze, control and
simulate some Input/Output systems which include distortions

In this course
Derivation of the kernels of a system (ODE or PDE)

Kernels of an inverse system (open-loop) and a
closed-loop system (feedback)
Audio applications and simulations

Computable convergence radius and error bound

Other topic related to control issues: identification
Hammerstein models: method based on a log-sweep
[Farina,AES,2000], [Novak et al.: IEEE-TIM, 2010], [Rébillat et al.: JSV, 2011]

Separation of orders: see e.g. Boyd (based on amplitude)
and Bouvier (+phase): https://medias.ircam.fr/x5662ab

Group of Joannes and Maarten Schoukens (Belgium)
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